A Kalman filter which estimates unsteady laminar flow in a pipe is implemented on a real-time computing system. The plant model is the optimised finite element model of pipeline dynamics considering unsteady laminar friction. A steady-state Kalman filter is built based on the model of pipeline dynamics. Pressure signals at both ends of a target section of a pipe are input to the model of pipeline dynamics, and as an output of the model an estimated pressure signal at a mid-point of the pipe is obtained. Difference between measured and estimated pressure signals at the mid-point is fed back to the model of pipeline dynamics to modify state variables of the model. According to the Kalman filter principle, the state variables of the model are adjusted so that they converge to real values. It is demonstrated that real-time implementation of the Kalman filter is possible with the sampling time of 0.1 ms.
Introduction
Unsteady flow measurement is an important technical issue for oil-hydraulics. Pressure, flow rate, and power of unsteady flow are target of flow measurement research activities. If unsteady flow can be measured in real-time, the measurement information could be useful for intelligent power management control of oil-hydraulic systems.
Direct measurement, indirect measurement, numerical computation approach, and measurement-integrated numerical computation method have been studied by many researchers. Measurement of unsteady flow rate in a pipe has been a major research issue in this fields. Turbine flow meter and gear flow meter are typical flow meters. They have been used for measurement of flow rate in the system. Turbine blades or gears should be inserted inside pipe flow and may generate some pressure loss across the flow meter. Ultrasonic flow meter is a clamp-on sensor without cutting the pipe. Coriolis type flow meter measures flow rate based on Coriolis force principle. Ultrasonic and Coriolis flow meters may not suitable for unsteady flow rate measurement due to its response time which is not short enough for unsteady flow measurement. Indirect and high-response method of measurement of flow rate has been a research topic. For an example, a remote measurement method of instantaneous flow rate was proposed by Yokota et al. (1991) . Zhao et al. (1986) proposed a real-time measurement method of unsteady flow rate based on transfer functions of pipeline dynamics. Basis of these techniques are models of pipeline dynamics. Unsteady flow rate at one point can be obtained from pressure signals at other two points. On the other hand, Hayase (2006) proposed a method of measurement-integrated numerical computation. In this technique, numerical computation of unsteady flow was performed utilising measured flow signals. Because of solving a Navier-Stokes equation, it requires large computational load.
In this paper, real-time implementation of the Kalman filter is studied for indirect measurement of unsteady flow rate and power of uncompressible unsteady laminar fluid flow in a pipe. Kalman filter theory is applied to a one-dimensional uncompressible unsteady laminar fluid flow model, that is, the optimised finite element model of pipeline dynamics (Sanada et al., 1993; Sanada and Kitagawa, 1994) . In this technique, only pressure signals are measured, and flow rate is estimated according to the Kalman filter. Multiplying measured pressure and estimated flow rate, power of fluid flow can be obtained. The merit of this method is indirect measurement without disturbing flow in a pipe and to measure pressure signals at three points without accurate setting of initial condition (Ozawa et al., 2010; Ozawa and Sanada, 2011) . The plant model is a key technical issue for the implementation. It is worth to investigate how many grid points of the pipeline model is suitable for real-time implementation. This paper describes the implementation of the Kalman filter system to a real-time computing system. In the Section 3, the optimised finite element model of pipeline dynamics is described. The Section 4 introduces the Kalman filter using the optimised finite element model as a plant model. In the Section 5, a real-time implementation is examined. In the Section 6, the results of this paper will be summarised. 
Modelling pipeline dynamics
Assuming one-dimensional uncompressible fluid flow in a circular pipe and neglecting a convection term, as shown in Figure 1 , an equation of motion and a continuity equation are written as:
( ) 0, and
Using the interlacing grid system shown in Figure 2 , in which pressure grid points and flow rate grid points are located interlaced, finite approximation of the equation of motion [equation (1)] and the continuity equation [equation (2)] leads to (Sanada et al., 1993; Sanada, 1994) :
Components of the vector q and p are flow rate variables and pressures variable at each grid point, respectively:
, , , , and
The term p is an input vector of pressure at both ends of the pipe:
The term p f represents a vector of pressure loss at each grid point:
From equations (3) and (4), the finite element approximation is written in the form of state-space equation:
where the state variable vector is:
The coefficient matrices are represented as: 0 2 0 , and
Undamped natural angular frequency is determined from the coefficient matrix A p0 . They are determined under three boundary conditions:
1 closed-closed 2 closed-opened 3 opened-opened conditions.
Their undamped natural angular frequencies are known theoretically as:
where i is a natural number, ω n is undamped natural angular frequency πc / (2L), c is wave speed, and L is pipe length. Adjusting the grid spacing to reduce the error between the undamped natural angular frequencies of the model and theoretical ones, the coefficient matrices B, E, and F have been determined. For laminar friction, the friction term is written as:
The first term is steady laminar friction term. By the flow rate vector q, it can be represented as:
Substituting equations (14) to (9), the coefficient matrix A p0 is modified to:
The second term of equation (13) is unsteady laminar friction. Kagawa et al. (1983) proposed an accurate approximation method of the weighting function W(t) by the sum of the first-order lag elements y i :
The intermediate variable y i is the output signal of the first-order lag element with the input signal of dq i / dt:
T j is a time constant and K j is a gain: 
Kalman filter of pipeline dynamics
The aim of Kalman filter is to estimate state variables of a system whose input and measured signals are disturbed by noise. In this study, pressure signals at the specified three points of a pipe are measured, and from the measured pressure signals the Kalman filter is used to estimate unsteady flow rate and power of fluid flow in a target section of a pipe. The Kalman filter requires a model of the target plant. As the plant model for the Kalman filter, the optimised finite element model of pipeline dynamics is used. Because the optimised finite element model can be represented by a state-space equation, the optimised finite element model can be easily applied to the Kalman filter. The Kalman filter system studied in this paper is shown in Figure 3 . Pressure signals at both ends of the target section of a pipe p are measured and added to the Kalman filter as input signals. Pressure signal at the midpoint of the target section of a pipe p mid is measured to be compared with the estimated midpoint pressure calculated by the Kalman filter ˆ. mid p This comparison result activates the Kalman filter to reduce the error. Considering system noise v and measurement noise w, discretised with a sampling time of T s , the optimised finite element model of pipeline dynamics is written as:
( 1) ( ) ( ) ( ),and
The subscript d represents discretisation with the sampling time T s . 
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A state-space equation of the Kalman filter is written as follows:
( ) ,and
where g is a Kalman filter gain matrix. For steady state Kalman filter, the gain g is constant:
The matrix P is a positive symmetric solution of the algebraic Riccati equation:
σ is a covariance matrix of measurement noise, 2 v σ is a covariance of system noise:
( ) 2 2 , and
where the expected value is represented by E(*):
A block diagram of the Kalman filter is shown in Figure 3 . Three pressure sensors are attached at a pipe to measure transient pressure at the upstream end p up , the mid-point p mid , and the downstream end p down . In this study, sensor noise of p up and p down are considered as system noise, and sensor noise of p mid is considered as measurement noise. The distances among the three pressure sensors are denoted by L 1 and L 2 .
Real-time implementation of Kalman filter
In this study, the Kalman filter is investigated for a real-time estimation of flow rate and power of fluid flow in a pipe. The power of fluid flow is obtained by the result of multiplication of the estimated flow rate and the measured pressure. If the order of the plant model of the Kalman filter is too high, it is difficult for the plant model to compute in real-time. The optimised finite element model of pipeline dynamics has the order of 2N + 1 + N us (N + 1) when considering unsteady laminar friction. The number of grid point N and the number of the first-order lag element N us determine the order of the model. For precise simulation, it is recommended to set these numbers as large as possible for improving simulation accuracy. On the other hand, for real-time computation, it is desired to use small enough number to produce acceptable accuracy for the Kalman filter. The aim of this study is to clarify the condition on these numbers suitable for real-time estimation by the Kalman filter. As a real-time computing system, a dSPACE® system was used with two DS1006® processor boards and one DS2002® multi-channel A/D board.
In this paper, the measurement of flow under laminar flow condition is targeted. Working fluid is assumed to be water. Water density is ρ = 1,000 kg/m 3 . Location of the three pressure sensors are determined by the length L 1 and L 2 . According to ISO15086-2 (measurement of speed of sound in a fluid in a pipe), these lengths were set as L 1 = 330 mm and L 2 = 470 mm. A laminar flow meter is assumed to consist of 30 pipes having diameter of 1 mm. Wave speed c is assumed to be 1,200 m/s. The optimised finite element model of N = 5 is used. The undamped natural angular frequency is ω n = πc / (2(L 1 + L 2 )) rad/s = 375 Hz. The maximum undamped natural angular frequency is 2Nω n = 23,550 rad/s = 3,750 Hz. Sampling time T s is 0.1ms. From the sampling theorem, a half of sampling frequency 1 / (2T s ) is 5,000 Hz which is large enough to cover the maximum undamped natural angular frequency 2Nω n (= 3,750 Hz). The number of first-order lag element for approximating weighting function of unsteady laminar friction, N us , was set as seven according to the approximation method presented by Kagawa et al. (1983) . Total number of the order of the model was 2N + 1 + N us (N + 1) = 53.
A real-time simulation model of Simulink® is shown in Figure 4 . The master and the slave subsystems were installed in two DS1006 processor boards. As shown in Figure 5 , in the master subsystem, the optimised finite element model was used as a pipeline model. In this study, three pressure sensor signals p up , p down , and p mid were calculated by use of the optimised finite element model. In future work, with an experimental measurement setup, these signals will be obtained as sensor output signals. The optimised finite element model was discretised with a sampling time of 0.1 ms. In the simulation, upstream pressure p up was a pulse signal. Downstream pressure p down was zero. Pipeline dynamics was simulated by the discrete optimised finite element model and the mid-point pressure p mid was obtained. The three pressure signals p up , p down , and p mid were transferred to the slave subsystem. As shown in Figure 6 , the slave subsystem input was supplied from the master subsystem. The slave subsystem was the discrete Kalman filter. Covariance of noise was set as x k multiplied by an output vector, the estimated mid-point pressure ˆm id p was obtained. A screen shot of a real-time computation software is shown in Figure 7 . For the real-time computation of the system shown in Figure 3 , the downstream pressure p down was assumed to be zero (atmospheric pressure) and the upstream pressure p up was assumed to show a step change from atmospheric pressure to a constant pressure of 2 MPa. Pressure p mid in the plot of 'Original mid-point pressure (MPa)' shows transient pressure at the mid-point of the pipe of Figure 3 , which is a simulated result of the optimised finite element model of pipeline dynamics (Ofem). The Ofem simulation was performed by the master CPU board. The turnaround time for the simulation of the Ofem was 8 μs, which is shown in Figure 7 . Pressure signal p est in the plot of 'estimated midpoint pressure (MPa)' shows the mid-point pressure estimated by the Kalman filter, which was performed by the slave CPU board. The turnaround time of the Kalman filter was 21 μs as shown in Figure 7 . The sampling time (100 μs) must be longer than the turnaround times of the Ofem and the Kalman filter. The original and the estimated mid-point pressure are plotted. Due to pressure wave travelling along the pipe, the transient pressure shows oscillation which are dumped by unsteady laminar friction. The estimated mid-point pressure p est shows a good agreement with the original one. In the three text boxes, from the left, they show the sampling time of 0.1 ms, the turnaround time of the master subsystem (Ofem) of 8 μs, and the turnaround time of the slave subsystem (Kalman filter) of 21 μs. Both the master and the slave subsystems are performed within the sampling time of 0.1 ms. Under this condition, the Kalman filter was successfully implemented. For shorter sampling time, as an example 0.01 ms (10 μs), the real-time computation is not possible due to the turnaround time of the Kalman filter (21 μs). If the sampling time of 10 μs is needed, the number N and/or N us must be reduced for the turnaround time to satisfy the sampling time. In this study, high-performance real-time computing system was used. If the computing speed of real-time computing system is slower than that of the computing system which was used for this study, the similar adjustment of the numbers may be recommended. These may be a future research work of this study.
Conclusions
In this paper, real-time implementation of the Kalman filter to measure unsteady flow rate and power of fluid in a pipe was successfully performed with a sampling time of 0.1ms. As a plant model of the Kalman filter, the optimised finite element model of pipeline dynamics was used. A steady-state Kalman filter was built and implemented in a real-time computing system.
The real-time computing system is a high-performance one. Due to the high-speed computational ability, the real-time estimation can be possible. In case of slow-speed real-time machine, the computing task must be decreased. For reducing the computing task, it could be recommended to decrease the number of element N and the number of first-order lag element N us . Another promising approach to reduce the computing task is a technique of order reduction (Moore, 1981) of the optimised finite element model (Sanada, 2014) . These are future works for the real-time measurement.
